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hsiract IKing the Langcvin formulism, the impact of damping, noise and potential gradient on a particle in a double well potential has been 
m the quantum regime and results compared with the h 0 classical limit It has been shown that the effects of damping and noi.se on the 
.siLiii lHO complementary in so far as the reduction of chaocily of the system is concerned, both opposing the potential derived force Further, as 
ih(. inducement of quantum chaos, quantum tunneling eflects are shown to dominate The limitations of the study, in particular, the efficacy 
I iiic 1 liienlcsi's theorem in the classical regime are also explored
awoiids Quantum chaos, Langevin equation, quantum noise
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Introduction
Ik impaci o f  n o is e  o n  th e  o n s e t  o f  c h a o s  in c la s s ic a l  s y s te m s  
 ^ hci’ll e x te n s iv e ly  s tu d ie d  [ 1 , 2 ] .  H o w e v e r ,  su c h  s tu d ie s  in 
ULunum s y s te m s  h a v e  b e e n  s p a r s e ,  p o s s ib ly ,  b e c a u s e  th e  
m uuiing s to c h a s tic  d if fe r e n t ia l  e q u a t io n s  are n o t a m e n a b le  to  
uiiKiiml so lu tio n . In fa c t, m o s t  o f  th e  stu d y  o f  q u a n tu m  c h a o s  
liLcn c o n f in e d  t o  c o n s e r v a t i v e  s y s t e m s .  W it h  th e  
cUiimlojTical a d v a n c e s  in  th e  f i e l d s  o f  q u a n tu m  o p t i c s ,  
>'"a*iiics, sta tis t ic a l th e r m o d y n a m ic s  etc. the  stu d y  o f o p e n  
liuniiim sy stem s h a s a s s u m e d  g r ea t s ig n i f ic a n c e .
Ihc presence o f  L a n g e v in  n o is e  m c la s s ic a l  s y s te m s  h as  
to su p p r e s s  h o m o c l i n i c  c r o s s i n g  a n d  to  r a is e  th e  
threshold [3 ] , b e s id e s  d e s tr o y in g  th e  p e r io d ic  p o in ts  
’ilvdded m the p o s it iv e  r e g io n  o f  th e  L y a p u n o v  e x p o n e n t  and  
'tlilyrng ihc p er io d  d o u b l in g  r o u te  to  c h a o s  (b y  in tr o d u c in g  
in the period  d o u b lin g  s e q u e n c e ) [  1, 4 - 6 ] .  S tu d ie s  o n  th e  
friuibed J u sep h son  J u n c tio n  h a v e  in d ic a te d  sh if t in g  o f  th e  
'^ r^t:aiu)n p o in ts p r o p o r t io n a l to  th e  sq u a r e  o f  th e  p er tu rb in g  
WiUidc in the p r e se n c e  o f  n o is e ,  p a r tic u la r ly  n ea r  th e  p e r io d  
Filing threshold [7 , 8 ]. S u p p r e s s io n  o f  c h a o t ic  b e h a v io r  in a 
'^ '^ ’^ go.scillator by a  n o is y  p er tu rb a tio n  h a s a lso  b e e n  rep orted  
^^nalysis o f  d is s ip a t iv e  n o n lin e a r  s y s t e m s  u n d e r  th e  a c tio n  
Periodic and ra n d o m  fo r c e s  h a v e  r e v e a le d  th e  e x is t e n c e  o f
m u lt ip le  m a x im a  in the c h a o tic  r e g im e  o f  the p ro b a b ility  d e n s ity  
fu n ctio n  [4 ] ,
A  m a jo r ity  o f  th e  a b o v e  a n a ly s is  are b a sed  on  trad ition a l  
m e th o d s  o f  s tu d y in g  p h a se  .space d y n a m ic s  (su c h  as the K 
e n tro p y  [ 10 ] ,  L y a p u n o v  n u m b e rs  [ I I ] ,  M e ln ik o v  fu n c tio n  [ 12 ], 
the te s ts  o f  Z a s la v sk y  and C h ir ik o v  [ 13], G re en e  [1 4 ]  and M o
115 ], T od a  [1 6 ] , B ru m cr  and D u f f  [1 7 ]  and P attanayak  and  
S c h ie v e  [ 1K|) w h ic h  c a n n o t d ir e c tly  b e  a d o p ted  in to  the r ea lm s  
o f  q u a n tu m  m e c h a n ic s  in th e  a b s e n c e  o f  a stan d ard  p h a se  
s p a c e .
V a r io u s  a p p r o a c h e s  to  th is  p r o b le m  in v o lv e ,  e ith e r  the  
tru n ca tio n  o f  th e  in f in ite  d im e n s io n a l  H ilb e r t  sp a c e  a sso c ia te d  
w ith  th e  sy s te m  u s in g  s q u e e z e d  c o h e r e n t  s la te s  [ 1 9 |, a d o p tio n  
o f  a v a r ia t io n a lly  r es tr ic te d  form  o f  the S c h r o d in g e r  e q u a tio n  
[2 0 ] ,  c a r r y in g  o u t o f  c a lc u la t io n s  in th e  fu ll H ilb e r t sp a c e  and  
th en  p r o je c t in g  th e  sa m e  o n to  th e  c la s s ic a l  p h a se  sp a c e  u s in g  
an  a p p r o p r ia te  d is t r ib u t io n  [2 1 ] o r  th e  c o m p u ta t io n  o f  an 
e q u iv a le n t  e f f e c t iv e  c la s s ic a l  p o te n tia l and th erea fter  w o r k in g  
in th e  c la s s ic a l  p h a se  sp a c e  [2 2 1.
O p e n  q u a n tu m  s y s t e m s  s u b je c t  to  d a m p in g /d is s ip u i io n /  
n o is e  h a v e  n ot b e e n  e x t e n s iv e ly  s tu d ie d . F o r  c la s s ic a l  sy s te m s ,  
th e  th e o r y  o f  s to c h a s t ic  p r o c e s s e s  p r o v id e s  a w e l l  fo u n d e d  
b a s is  fo r  a p h e n o m e n o lo g ic a l  a p p ro a c h  to  th e  stu d y  o f  the
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m a ster  e q u a tio n  ta k in g  the form  o f  the F o k k e r  P la n c k  e q u a tio n  
on  the a ssu m p tio n  o f  the p r o c e s s e s  b e in g  G a u ss ia n  M a r k o v ia n  
s in c e  there e x is t s  an im m e d ia te  c o rr e la tio n  b e tw e e n  ( lu c tu a lio n s  
and d is s ip a t io n  - n o  su c h  co u n terp a rt e x is t s  in the q u a n tu m  
r e g im e . P ath  in teg ra l t e c h n iq u e s  lik e  the in l lu e n c e  lu n c t io n a l  
123, 2 4 1, d c e o h e r e n e e  fu n ctio n a l | 2 5 , 2 6 ]  and the Q u a n tu m  S ta te  
D il lu s io n  |2 7 1  h a v e  b e e n  u sed  to  stu d y  q u a n tu m  d is s ip a t iv e  
sy s te m s . J n llu en ce  fu n c tio n a ls  [ 2 4 | o l B r o w n ia n  m o tio n  w ith  
d iss ip a t io n  h a v e  sh o w n  that the m o t io n  r e d u c e s  to  the F o k k e r  
P lanck m o tio n  in the lim it h 0 . D e c o h e r e n c e  stu d ies  |2 5 ,  2 6 ) , 
w h ic h  le s u lt  in the a p p ea r a n c e  o f  in h eren t n o is e  in the  sy s te m  
d u e  to c o a r se  g r a in in g , h a v e  sh o w n  a sh a rp  tr a n sit io n  m the  
e n tr o p y  p r o d u c tio n  rate b e tw e e n  r e v e r s ib le  an d  d is s ip a t iv e  
r eg im es  In tim ate  c o n n e c t io n  b e tw e e n  the d e c o h e r e n c e  h is to n e s  
and  the q u a n tu m  tr a je c to r y  d e r iv e d  b y  th e  q u a n tu m  s ta te  
d d fu s io n  m e th o d  u s in g  a m o v in g  b a s is  h as b e e n  e s ta b l is h e d  
for the q u a n tu m  v e r s io n  o f  the  D u f f in g  o .sc illa to r  [2X1. T h e  
h o m o m o rp h ic  d y n a m ic a l m ap, random  m a trices and so lito n s  h a v e  
a lso  b een  u sed  tor the stu d y  o l q u a n tu m  sy s te m s .
T h e  q u a n tu m  v e r s io n  o f  the L .a n g ev m  e q u a tio n  [2 9 , 3 0 |  h a s  
r e c e n t ly  a p p e a r e d  m  n u m e r o u s  l i t e r a l u i c  to  s t u d y  th e  
s e m ic la s s ic a l  d y n a m ic s  o f  b o th  c o n s e r v a t iv e  and d is s ip a t iv e  
q u an tu m  sy s te m s  u s in g  the sy s te m  - bath  m o d e l In the p r e se n t  
paper, w e  stu d y  the p h a se  sp a c e  d y n a m ic s  o l an o p e n  q u a n tu m  
sy s te m  u s in g  the L a n g e v m  fo r m a lism  m  the p r e se n c e  o f  a noi.se  
term and ex a m in e  Its im pact on  the ch a o tic  e v o lu tio n , ct^m panng  
It w ith  the /; ■-> 0  c la s s ic a l  l im it , w h e r e  n o is e  is in d ic a te d  to  
su p p re ss  the o n se t  o f  c h a o s .  U s in g  the te c h n iq u e  o f  sq u c c / .e d  
coh eren t sta tes, w e  sh a ll truncate the in fin ite  d im e n s io n a l H ilb ert  
sp a ce  (d the p r o b le m , and th ro u g h  the l ay lor s e n e s  e x p a n s io n s ,  
d e r iv e  the p h a se  sp a c e  d y n a m ic s  for th e  sp rea d  o f  th e  w a v e s ,  m  
a d d itio n  to th o se  o f  the c e n tr o id  W c a lso  stu d y  m d e ta il  the  
e f f ic a c y  o f  F h r c n fc s l's  th e o r e m  m d e s c r ib in g  sy s te m  d y n a m ic s  
in the // —> 0  c la s s ic a l  lim it.
Cf''' o s c i l la to r  in th e  bath  a n d  c„ is  th e  c o u p lin g  eunsu, 
b e tw e e n  th e  o s c i l la to r  a n d  th e  B r o w n ia n  particle
T h e  e q u a l l im e  c a n o n ic a l  c o m m u ta t io n  re la tio n s  appen,^ !^ . 
to  ( 1), in  n atu ra l u n its  r  =  =  1 arc
[P . /> « ]  =  [ ^ . 9 « ]  =  [ G . / ’„ ]  =  [e .<y„] = 0 .
a n d
[ ^ . C ]  =  [ a v . </«] =  - '
T h e  H e is e n b e r g  e q u a tio n  o f  m o t io n  fo r  an arbitrary upcMn 
is o b ta in e d  b y  c o m m u t in g  it w ith  th e  to ta l H a m ilto n ia n  Hcik 
th e se  e q u a t io n s  o f  m o t io n  o f  th e  e n v ir o n m e n t  variab les arc ma
ri n i„
\
an d
i>a =  9,1
w h ic h  a d m it the f o l lo w in g  s o lu t io n s  ■
9 a (^ )  =  -
,, I,,!,,,/-/,,) -'ll'J,
nt m  J  ^ J
2. Fonnulation of the problem
W c c o n s id e r  here the s im p le s t  m o d e l o f  a d is s ip a t iv e  q u a n tu m  
m e c h a n ic a l sy s te m  c o n s is t in g  o f  a B r o w n ia n  p a r tic le  o f  u n it  
m a ss su b je c t  to a l im e  in d e p e n d e n t  o n e  d im e n s io n a l  b o u n d e d  
p o te n tia l V{Q) and  in te r a c t in g  w ith  th e  e n v ir o n m e n t .
I f  w c  s im u la te  the  e n v ir o n m e n t  a s a ba th  o f  n h a r m o n ic  
o sc illa to r s  o b e y in g  e x a c t ly  G a u ss ia n  s ta t is t ic s  and  in the c a s e  
o f  a se p a r a b le , s in c t ly  lin ea r  in te ra c tio n  b e tw e e n  th e  p a r t ic le  
and tlie e n v ir o n m e n t , w c  m a y  w r ite  the H a m ilto n ia n  o f  th e  
c o m p tis ite  s y s te m  as
^ itn  ^ fu ll! (1)
w h er e  is  ih c  H a m illo n ia n  o f  th e  is o la ic d  B r o w n ia n  p a r tic le ,  
and  arc r e s p e c t iv e ly  the m a ss  an d  fr e q u e n c y  o f  th e
an d
4
/
B y  c o m m u t in g  th e  p a r t ic le  o p e r a to r s  w ith  the Hainili™'*
( 1), w e  g e t  th e ir  r e s p e c t iv e  e q u a t io n s  as
y _ i \ u  kU  ' V
- C o ^ a l G . n
and
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I
P U )  =  - { V ' ( Q ) ) - Q U ) j  f u - r ) d t '  +  ^ i t ) .  (17)
(9 j I f  w e  further a p p ro x im a te  the fr e q u e n c y  sp ec tru m  o f  th e
e n v ir o n m e n t o s c illa to r s  by a c o n t in u o u s  fr e q u e n c y  d istr ib u tio n  
G{(o) , w e  can  w rite
On substituting th e  v a lu e  o f  from  e q . (7 )  in c q , (9 ) ,  w e
X V  2 f  // ( / )  = cos(oj„r) |cos(ojf)C(a))-^^j^a), (18)
where
r 1 i [Q,Y],^(t)-\fU-t')Q(t’)dt’ u u u f  J  • u f
[ u  ------  J w h er e  G{o))dai is  th e  n u m b er  o f  in o d e s  in  ih c  fr e q u e n c y  ra n g e
L“ / ( ^  “  2 (^ o ) o) a n d  (o + d ( o -  In  t h i s  c o n t i n u u m  l i m i t ,  G (co) - dco
rep re se n ts  the e f fe c t  o f  the d is s ip a t io n  o f  e n e r g y  th rou gh  the  
m o d e s  in the fr e q u e n c y  ran ge  co and  o) +  doj ■ W e ca n  m a k e  a
1 I M
further sim p lifica tion  o f  eq . (1 8 )  in the first M ark ov  app roxim ation , 
dn(co)
w h er e in  G{co) - — - is a s su m e d  c o n sta n t. 7 'h en , it f o l lo w s  
do)
th a t
( I I )
w h ere
/ ( r )  =  ^  |c o s ( fo r )d /a >  =  2 y i5 (r ) , ( iq j
/ ( ! )  =  c o s ( m „ r )
a=l
( 12) . d n { ( 0) ,  2 y  G ( c o ) -----------dco =  — ,
dco 7T
UliM Uitying Y a s  th e  c a n o n ic a l  c o o r d in a t e  Q a n d  th e  
uMicspnndmg m o m e n tu m  P r e s p e c t iv e ly  o f  th e  B r o w n ia n  
P ”
p a r i i L l c a r i d a s ------+ V(Q) , w e  g e t  the lo llo w in g  qu antu m
Linocvin e q u a tio n s  fo r  th e  s y s te m
Q { t ) = P ( t )  (13)
and
=-(V'(Q))-jf(t-t')Q(t')dr+ 4 0 ) - fU-t^)QUo)'
(14)
N o w ,  i f / ( / )  is  a r a p id ly  d e c a y in g  fu n c t io n , so  that it g o e s  to  
m a lim e s c a le  w h ic h  is  m u c h  le s s  than  th e  t im e  o v e r  w h ic h  
ch an ges, th en  w e  c a n  r e p la c e  Q ( f ' )  by  Q{t) i n e q . ( 1 4 ) .  
Punher, if  t is  n o t c lo s e  to  , w e  c a n  ta k e
H e n c e , in  th e  G a u ss ia n  M a r k o v ia n  a p p r o x im a t io n s , ou r  
e q u a tio n s  o f  m o tio n  (1 3 ) ,  (1 4 )  and  (9 )  take th e  form ;
G ( 0 = P ( 0 ,
P (f )  =  - ( v ' ( Q ) ) + y P + ^ ( 0
(20)
(21)
a n d
Y  =  ^ ( 0  - y Q \ .  (22)
§ (r )  is  a  ran d om  n o is e  fu n c t io n  w h ic h  o b e y s  the  fo l lo w in g  
c o m m u ta tio n  r e la t io n s :
[ ^ ( t ) , ^ U ' ) ]  =  i h j ^ f O - t ' ) ,  (23)
[YO).^is)]='j[YO),QU')]j-fO-t')dt\ (24)
/ ( f - f o ) s O .
*''* eqs. ( 1 3 )  an d  ( 1 4 )  r e d u c e  to
QU) =  P O )
(15)
(16)
[K (f) .  x „ ( / o ) ]  =  ^  ’■ '»^][y'(f), Q0')]dt'
(25)
3()6
an d
J P Sinf'h
X [Yit),Q(t')]dt' (26)
In the first M a rk o v  a p p ro x im a tio n , the co m m u ta tio n  re la tio n s  
(2 3 )  and (2 4 )  red u c e  to
[ ^ ( O ,^ ( r 0 ] = 2 / / ) y ^ 5 ( r - A ' )
and
[K(f ).4(.v)] =  2 y  -  i ) [ ) ' ( f ) .0 ( .v ) ] } .
(27)
(28)
w h ere
u(x) -  I, if jr >  0 ,
- i j  v =  0 ,
9
= 0 if A <().
T h e  q u a n tu m  L a n g e v in  e q u a t io n s  ( 2 0 - 2 2 )  arc o p e ia lo r  
e q u a tio n s  and arc th e r e fo r e , n o t d ir e c t ly  a m e n a b le  to n u m er ica l  
s im u la tio n . W e sh a ll n o w , a ttem p t to  e l im in a te  th e  o p e r a to r  
d e p e n d e n c e  o f  e a c h  o f  the c o n s t itu e n ts  o f  the Q l - t i ’
3. Elimination ofoperator dependence of ^(t) |30J
For th is p u rp o se , w e  a s s u m e  that th e  d e n s ity  o p era to r  ( in  the  
H e ise n b e r g  p ic tu r e ) fa c to r iz e s  in to  a d ir ec t  p ro d u ct
P p a r t  ^  P n n  '
L et Y(t) be an o p e r a to r  in the H e ise n b e r g  p ic tu re  and Y be  
the c o r r e sp o n d in g  o p era to r  in  th e  S c h r o d in g c r  p ic tu re . T h e n ,  
w e  ca n  c o n s is te n t ly  d e f in e  a q u a n tity  /.i(r) b y  the e q u a tio n
p a n  J = T r [ y ' p ( / ) ] . (29)
i f  I ^ ' i } ~  ^11' (30)
that
L e t  e^ (r) b e  th e  c o r r e s p o n d in g  b a s is  in  th e  H ciscn h a . 
r ep re se n ta tio n . In q u a n tu m  m e c h a n ic s ,  t im e  e v o lu t io n  is unnir\ 
an d  a ll a lg e b r a ic  r e la t io n s  are  p r e s e r v e d . H e n c e ,  if Y(f) ,|^  
o p e r a to r  (in  th e  H e is e n b e r g  r e p r e se n ta t io n )  correspondin»
Y ( in  th e  S c h r o d in g e r  r e p r e se n ta t io n ) , w e  ca n  w rite
K(0<’,(0  = X^V»/{^/^^^^ l'(Oe',(f)}e,(f),
where 7'r^ „„/(‘’,(f)' K(f)c,(/)J has exaclly the same values,i
in th e  S c h r o d in g e r  r e p r e se n ta t io n  / e. [c' ',Yc, j
U s in g  th e  e x p r e s s i o n  fo r  Y g i v e n  by c q . (31) and ttu 
c o r r e s p o n d in g  e x p r e s s io n  fo r  Y{t) , w e  g e t  on  substr;uhon m 
(29)
^ ^ ^ P p a n  J ’ I '41
w h ic h  on  u s in g  (3 1 ) ,  g iv e s  th e  f o l lo w in g  e x p l ic i t  exp icssion  h 
P ^ t )  :
' ^ ^ n a n  / ^ ^ ^ P  n a n  |  •
/
D if fe r e n t ia t io n  w ith  r e s p e c t  to  t y ie ld s
A^(0 “  \ f i  ^^^P t>(jrt ■ (^ (ll
L et c o n st itu te  a se t  o f  b a s is  v e c to r s  in the  pha.se sp a c e  o f  
the p a n ic le  in the Sch rck lin gcr  rep resen ta tio n . T h e n , any  p a r tic le  
op erator  Yca n  be e x p r e s se d  as a lin ea r  c o m b in a t io n  o f  th e se  e^ . 
Further, le t th em  be o r th o g o n a l w ith  r esp e c t to  the trace fu n c t io n
i.e.
T h e  v a l u e  o f  e^ (t) c a n  b e  o b t a i n e d  b y  siibslilinin'' 
Y =  e^ (t) in e q . ( 2 2 )  an d  w e  h a v e
N o w , c o n s id e r  th e  e x p r e s s io n
pun J *
7 part } ^ ( o .= Tr
part I X  \ i  i»»i ^ (3SI
T h en , the o p era to r  Y o l the p a r tic le  c a n  be w r itten  in th is  b a s is  
a s
(31)
T h e  c o r r e s p o n d in g  e x p r e s s io n  in p(t) is  
X  | X  F  ( O p  j f , '
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pun ]^ » Q ( t ) ^ U )
Sinnlarly. ihe ic rm
(39)
c o r r e s p o n d i n g  to  
/if/r/J in fi{t) n in y  b e  w r itten  in the  
.,rm C?(0 ^ ( 0 <S( 0 , t h e  te r m  c o r r e s p o n d i n g  to  
„ ,[ i) ( f ) f ' ,(0 C ( 0 P ,,u ,7 ]  a s  G ( 0 / i ( 0 e ( 0  and  s o  o n . O n
4 . Elimination of operator dependence of Q and P  [31 ]
T o m a k e  fu rther  p r o g r e s s  in  ou r  p ro g ra m  o f  m a k in g  th e  Q L E  
a m e n a b le  to s im u la t io n , w c  m a k e  a c r it ic a l a s s u m p tio n  that th e  
B r o w n ia n  p a r tic le  is  r e p r e se n ta b le  b y  a s q u e e z e d  c o h e r e n t  sta le  
w a v e  p a c k e t  o f  the fo rm  :
(47)
w h er e  is the u n itary  s q u e e z e  o p e r a to r  and  is
th e  s q u e e z e d  v a c u u m  s ta te . ,,•" « ) an d  arc u n ita r y
ihcsc su b .stitu u on s in e q . ( 3 7 )  and u s in g  the c o m m u ta tio n  tr a n s lo m ia t io n s  g e n e r a te d  h y  th e  lin e a r  a n d  q u a d ra tic  fo r m s o f
th e  c r e a t io n  an d  a n n ih ila t io n  o p e r a to rs  a and  a^  and arc  
d e f in e d  by
.luiions b e tw e en  Q(t) , {^t) an d  Q{t) , w e  g e l  
iii/i=  ^ [ w , , « , i . / j ( f ) ] + ~ [ [ y e ( o - ^ ( o . / j ( / ) ] ^ . e ( o ] , ( 4 0 )
5 (a ) = (a«^ - a * o )
an d
(41) n P )  =  ~ [ B a ' -
(48)
(49)
luai (41). ( f ( /)  a p p ea r s  as an a n t i-c o m m u ta to r . W c d e f in e  an n j  u . . .  u u u(In  the c o n te x t , a s q u e e z e d  c o h e r e n t  sta te  as a b o v e  h a s b e e n
sh o w n  to  b e  e q u iv a le n t  to  a g e n e r a liz e d  G a u ss ia n  w a v e p a c k e t
d e r iv e d  o n  the b a s is  o f  the t im e  d e p e n d e n t  v a r ia tio n a l a p p ro a c h
>pcuini qU) b y  the e q u a tio n  
/)(fi^K /') =  :^[<^(r),Ai(/')]^
111! ;ill / . / '  T h e n , w c  h a v e
(42)
(4^) an d
Ho\u*\cr, the c o m m u ta to r  [<^(r),(^(r')] is a c -n u m b er . H en ce ,  
/ ) . r | ( / ' ) ] - 0 . B y  d e f in i t io n ,  m u lt ip l ic a t io n  o f  rj(t) w ith  
is a ss o c ia t iv e , s o  that 7](r) is e q u iv a le n t  to  a  c -  n u m b er  
idom function. In te rm s o f  r/Cr) , o u r L a n g e v in  e q u a tio n  (4 0 )
t's I he form .
k - d  =
i
1
1/4
(5())
iQ-<Di l l
(2n^ G)
■ [ -2.^ 2i/; ' /j(c?-V I - -P‘iU r. J 211
in R ef. 119]).
;i(r) =  - i [ w , „ „ , ^ ( f ) ]  +  ^ [ Q ( / ) , ^ ( r ) ]
F or the sq u e e z e d  c o h e r e n t  s ta te s , th e  fo l lo w in g  e x p r e s s io n s  
fo r  th e  c e n tr o id  an d  the  sp re a d  o f  th e  w a v e  p a c k e t  i.e. th e  
m o m e n ts  o f  Q and P are w e l l  k n o w n  ( 1 9 ] :
-'(''l(M [A < (f) .(? (0 ] (44) ' ' m\2”^ (52)
in the c a se  w h e n  w e  id e n t ify  fJi(t) a s Q(t) and  P{t) 
T^viivcly g iv e s ,  u s in g  th e  c o m m u ta t io n  r e la t io n s  b e tw e e n
iind l\
(53)
Q=P (45)
, . A ( l + a ^ )
p 2 \  . 1  )
\ /  4 p
(54)
 ^= -(V\Q))+7P + m ,  (46) 
')(t) IS n o w  a  c -n u m b e r  q u a n tity . H o w e v e r , Q a n d  P arc {PQ + QP) = ha, (55)
H^’eraiors.
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(w h e r e  -  d c n o lc s  d c v ia lio n  o f  th e  r csp e cU v c  v a r ia b le s  Irom  
their  e x p e c ta t io n  v a lu e s ) .  W e can  n o w  g e n era te  a c o u n la b ly  
in fin ite  num ber o f  m o m e n t e q u a tio n s  around the cen tro id  o f  the  
w a v e  p a ck et c o r r e sp o n d in g  to  the in fin ite  d im e n s io n a l H ilb ert  
sp a ce  o f  the p ro b lem  by the T ay lor's se r ie s  e x p a n s io n  lo rn iu la
F{Q) -^  ^ ir the o p era to rs Q and P
A s s u m in g  an e x p l ic i t  r e p r e s e n ta t io n  lo r  th e  p o te n t ia l  
fu n ctio n
V(Q) = - [ aQ -  + \hQ-*+[cQ‘' 
2  4  6
(56)
and u s in g  cq s . ( 5 2 -5 5 ) ,  w e  f in a lly  arrive  at the fo l lo w in g  se t o l 
s to c h a s t ic  d ilfe r e n lia l  e q u a tio n s  for the c e n ir o id  and sp read  ol 
the sq u e e /.ed  w a v e  p ack et ■
(57)
P = ciQ-hQ' -  cQ‘' -  ?<hQliH -  I Oc Q''hn
-yP + r \ U) ,  (5S)
j j = u  . (59)
and
(1 +  «■’ ) .
a   ^ - 1 )
- 6 / j ' ^ h h  + 5 c Q 'U ^ -  M k y  V( -  . (« ))
In cq s. (5 7 -6 0 ) , Q and P arc n ow  the e x p e c ta tio n s  o f  the operators  
Q, P ii\ arc the c o o r d in a te s  o f  the c en tro id  o f  the w a v e p a c k e t  
in p h ase  sp a ce  and p and a  are in d ic a t iv e  o l the sp rea d  o f  
the sq u e e z e d  c o h e r e n t sta te .
5. Numerical analysis
W e trace ou t the tim e  s c r ie s  and the p h a se  sp a c e  p lo ts  for the  
var iab les ( 7 , and the l lu c tu a lio n  v a r ia b le s  p ,  a  r ep re se n tin g  
the m o tio n  o l the c en tro id  o f  the w a v e  p a c k e t and its sp rea d  
r e s p e c t iv e ly  for v a r io u s  c o m b in a t io n s  o f  the v a lu e s  o f  (\y 
tak in g  // =  0,1, =  10, /; =  4  w ith  and w ith o u t n o is e .
W e f in d  that m  the c la s s ic a l  l im it  ( / ? —> 0 ) ,  th e  Q, P 
e q u a tio n s  d e c o u p le  Irom  the p.(x^  , e q u a tio n s  and  w e  g e t tw o  
se ts  ()1 lirst order d it le r e n lia l  e q u a tio n s . T h e  m o tio n  th e r e fo r e ,  
IS regu lar  and p e r io d ic  th r o u g h o u t, w ith  tr a je c to r ie s  m b oth  
p o ten tia l w e lls  (F ig u re  l ( a l - b l ) ) .  O n m lrtid u ctio n  o f  d a m p in g ,  
tor a certa in  in itia l p er io d , the p a r tic le  is a b le  to  m o v e  a c r o s s  the  
potentia l barrier at =  0  and e x e c u te  m o tio n  m both  the p oten tia l 
w e lls .  T h ereafter , the m o tio n  g e ts  res tr ic ted  to  o n e  w e ll  an d  the  
p artic le  orbit a lso  g o e s  on  sh r in k in g . T h e  lo n g -te rm  e v o lu t io n
o f  th e  sy s te m  s e e m s  to  m o v e  to w a r d s  a p o in t  auractur  
incrca.se in d a m p in g  is .seen to  r e d u c e  th is  b ifu r c a tio n  pnim 
in c r e a se  the rate o f  sh r in k a g e  o f  th e  o rb it (in  our sinuilaimn 
e x e r c is e ,  th e  b ifu r c a t io n  p o in t  w a s  s e e n  to  r e d u c e  from  t ^  
w h en  /  = 0 .(K)2 to  18 .4  w h e n  /  = 0 . 0 0 5 )  (F ig u res l ( a 2 -b '*
a 3 -b 3 )) .  T h e  e x is t e n c e  o f  th is  b ifu r c a t io n  m a y  be attnbuicij h, 
th e  d is s ip a t io n  o f  e n e r g y  fro m  th e  s y s te m  d u e  to  dam pinij. W'uh 
tim e  e v o lu t io n , th e  e n e r g y  o f  the  p a r tic le  r e d u c e s  b e lo w  a ccium  
th r e sh o ld  le v e l  and it is  u n a b le  to  c r o s s  th e  poten tia l buniu 
A c c o r d in g ly , its m o t io n  b e c o m e s  r es tr ic te d  to  o n e  w d l '\\ 
orb it sh r in k a g e  m a y  a ls o  b e  d u e  to  d is s ip a t io n  o f  cn e ig y  Irom 
the sy s te m  d u e  to  d a m p in g . A n  in c r e a se  in th e  stcepnc.ss u( 
p o te n tia l (m o n ito r e d  th r o u g h  the v a lu e  o f  r )  is se e n  to leJuu 
the p e r io d  o f  o s c i l la t io n  o f  the p a r tic le  and  a ls o  the w idth o| ih^  
Q, P pha.se d ia g r a m . T h e  b ifu r c a t io n  p o in t is h o w c v e i,  seen ii 
in c r e a se  (fr o m  r =  5 3  6  w h e n  r =  (), Y =  0 .0 0 2  to t =  61 0 sshe,) 
( =.\,y = () .(K )2 ) (F ig u re s  l ( a l - b l ), 2 ( a l - b 3 ) ) .
(a l)
s: 0
“ ^3
30 40 50 00 70 80 90100 
TIME
(b1)
50 55 60 65 70 
TIME
(b2) (h.ii
3 3
? ?
I  I
D. 0
(  X  1
CL 0
V  J -  2 V  y \  J — 1 - 2-  3 -  3m .
- 2 - 1 0 1 2
Q
- 2 - 1 0 1 2
0
-2  -1 ij
l^ 'igurc I. lime series and phase plots for (J. f* wilhoul external iuum im' 
/7 ^0  „ = 10, = 4. r -- 0 I /  0 (al bl)l. [ Y = 0 ()()2 la: h^| | ;
0 00.5 (a.Vb.T)J
In the c la s s ic a l  c a se  {h —> 0 ) .  su p e r p o s it io n  ofcx lcrn .il iuum 
d o c s  not d i e d  the  regu lar ity  o f  the m o tio n . H o w e v e r , the paiiiilr 
m o tio n  g e ts  c o n f in e d  to o n e  w e l l  e n t ir e ly , the point nl /cir 
v e lo c ity  te n d s  to  m o v e  a w a y  from  th e o r ig in , there is luiilio 
in c r e a se  m th e  o s c i l la t io n  fr e q u e n c y  and  the orbit shrinks laski 
(F ig u r e s  3 and 4 ) .  T h is  in d ic a te s  th e  c o m p le m e n ta r y  naiuicol 
ex tern a l n o ise  and d a m p in g , b o th  o p p o s in g  the potcnlia l dciivrei
(a3)
10 20 30 40 
TIME 10 20 30 40 50 TIME
20 30 40 50 60 '0 
TIME
-15-100 0 05 115 -15-10.0 0 05 11.5
Q Q
Figure 2. Time scrie.s and pha.se plots tor Q, P  wilhoul cxicnuil 
and 7] = 0. a = 10, /? = 4 (c = I. y = 0 (al-bl)], [t = 4, y = <
(f = 1. y = 0 002 (al b3)J
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Numerous s tu d ie s  h a v e  r ep o rted  th e  c h a o s  su p p r e ss in g  
ol external n o is e  in  c la s s ic a l  s y s te m s . C r u tc h fie ld  et al 
I have o b ser v e d  that e x te r n a l n o is e  b e h a v e s  as a sc a lin g  
lablc suppressing th e  c h a o c ity  o f  th e  s y s te m .
(a1) (a2) (a3)
20 30 40 50 
TIME
10 20 30 40 50 
TIME
(b2)
10 20 30 40 50 
TIME
(b3)
uic 3. Tune senes uiul phase pKUs lor Q. t* with external noise and ij 
J=l() h = - \ . r ^ ( )  I y = 0 (a l-b l)l. f y = 0  002 (a2-b2)l. 1 y = ()(K).S
I M . )
(a2)
rn  30 40 50 
TIME
0 3 )
S  0 
 ^ -1
10 20 30 40 50 
TIME
(b2)
10 20 30 40 50 
TIME
(b3)(01)  O i -:[<J -lOJ:.0VI7S11 251 r. I 7b 
Q
020 406081 01214
Q
0 250 50 7511 2515 175 
Q
to w a r d s p o in t a ttractor  o b s e r v e d . T h e  m o tio n  o f  th e  flu c tu a tio n  
v a r ia b le s  M and  a , h o w e v e r , c o n t in u e s  to  b e  c h a o tic  as is  to  
b e e x p e c te d  s in c e  th e y  r ep re se n t th e  sp r e a d in g  o f  th e  w a v e  
p a c k e ts . W h en  the  n o is e  fu n c t io n  is su p e r p o se d  on  the sy s te m ,  
the t im e  s e r ie s  and  the p h a se  p lo ts  s h o w  an in c r e a se  in the  
regu lar ity  o f  the m o tio n . T r a jec to r ie s  g e t c o n fin e d  to  o n e  w e ll  o f  
the p o te n tia l. T h e  c h a o c ity  tif  the llu c tu a tio n  v a r ia b le s  a lso  
d e c r e a se s  c o n s id e r a b ly  in d ic a t in g  that c o h e r e n c e  is lo s i  al ter a 
lo n g e r  in terv a l.
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TIME
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:i)ii 4. Tmic wiics and phase plots for P with cxlcmal noi.se and r]
' ./ 10 />-- 4 l( 1 .7  = 0 (a l-b l)l. f( 4. y = 0 (a2-b2)l, (r = I.
Our K'sulls w o u ld  s e e m  to  e n d o r s e  th is  v ie w , l io w e v e r ,  
I'Hijjli a (liUcrcrU a p p ro a c h . W e h a v e  e x a m in e d  the cITccl o l  
iH' on a c la ss ica l sy s te m  as a l im it in g  e a se  o f  an o p e n  qu antu m  
''Inn. w h o se  d y n a m ic s  h a v e  h e e n  d e r iv e d  th r o u g h  th e  
th eorem  and  the  q u a n tu m  v e r s io n  o f  the L a n g e v m
jiicilion
K' case 7/ =  1 , w h ic h  in c o r p o r a te s  th e  q u a n tu m  e l l c c l s  
i'uuOi a co u p lin g  o f  the P, (? e q u a t io n s  w ith  p , a  e q u a tio n s ,  
the e x is te n c e  o f  tr a n sie n t c h a o s  in th e  in itia l s ta g e s  o f  
iihiiion, w h ile  th e  lo n g  term  e v o lu t io n  le n d s  to w a r d s  
rUlaiiiy I ’hc len g th  and e x te n t  o f  the in itia l tra n sien t c h a o iie  
‘’l^ iiioM in c re a se s  w ith  th e  s t e e p n e s s  o f  th e  p o te n tia l w e ll  
■'L'uic.S)
e x is ten ce  o f  b ifu r c a t io n  o f  m o t io n , a s in the  c la s s ic a l  
IS uhserved, but a t a  m u c h  la ter  s ta g e  o f  e v o lu t io n .  T h e se  
410 a lso  d if fu s e d , in d ic a t in g  th e  e x is t e n c e  o f  m n n c lin g ,  
^'ncroasc w ith  an in c r e a se  in th e  p o te n tia l g ra d ien t.
* **ects o l d a m p in g  a n a lo g o u s  to  th o s e  o b s e r v e d  in the  
case and r ep o rted  a b o v e  are a ls o  s e e n  and p r o g r e s s
Figure 5. Tiiiio senes and phase plots I'oi Q.  P (a-h) and It d)
wiihoiii exiemal noise and 7] = I. /^ = 10, = 4 ft = 0. y = 0 I (al bl.
el-dni, h = I. y = 0 I (a2-b2. l 2 d2)J, \, = 4, y = 0 I ia3-b3. ,3 d3)J
C o n se r v a t iv e  q u a n tu m  s y s te m s  h a v e  b een  s tu d ied  1 3 I -3 3 ]  
and o b se r v e d  to g e n e r a te  c h a o s , w h ic h  w a s  p o s tu la ted  to arise  
from  the tu n n e llin g  e f fe c t .  T h e  in tr ica te  r e la t io n sh ip  b e tw e e n  
c h a o s  and q u an tu m  tu n n e llin g  has b een  e x te n s iv e ly  in v e stig a ted  
in se v e r a l s tu d ie s .  In u n id im e n s io n a l  s y s t e m s  su c h  e f f e c t s  
in a n if c s i  t h e m s e lv e s  a s c la s s i c a l l y  fo r b id d e n  p e n e tr a t io n s  
through  poten tia l step  barriers or as sm all e n erg y  sp littin g s w ith in  
pairs o f  sy m m e tr ic  and a n ii-sy m m c ir ic  e ig e n s ta te s  o l the d o u b le  
w e ll  p o te n tia l. In m u lt id im e n s io n a l s y s te m s , the s itu a tio n  is 
r e la t iv e ly  c o m p le x  in the s e n s e  that c la s s ic a l ly  reg u la r  and  
c h a o tic  sy s te m s  m a y  c o e x is t .  T h e  pha.se sp a c e  in su ch  s itu a tio n s  
m a y  c o n s is t  o f  c h a o t ic  is la n d s  f i l le d  w ith  d isto r ted  to n  in an 
o c e a n  o f  d e n s e ly  p o p u la te d  in v a r ia n t to n  r ep re se n tin g  regu lar  
m o tio n . O n e  fo rm  o f  tu n n e ll in g  that m ay su b s is t  m th is  p h a se  
sp a c e  is th e  s o  c a lle d  'ch a o s  a ss is te d  tu n n e llin g '. In th is m ix ed  
p h a se  sp a c e , there w o u ld  e x is t  tu n  that sa t is fy  the E m slc in -  
B r il lo u in -K c llc r  E B K  q u u n ti/.a liu n  c o n d it io n  < su ch  to n  w o u ld  
a s s o c ia te  w ith  w a v e  fu n c t io n s  that s a t is fy  the S c h r o d in g er 's  
t im e  d e p e n d e n t  e q u a t io n .  F o r  u n id im e n s io n a l  a n d  n e a r ly  
in ic g r a b lc  m u l t id im e n s io n a l  s y s t e m s  s u c h  w a v e f u n c t io n s
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q u a n u /in g  at or  n ear the sa m e  e n e r g y  w o u ld  b e h a v e  a s iso la te d  
s y s te m s  H o w e v e r , in s y s t e m s  h a v in g  a large  d e g r e e  o l c h a o t ic  
b eh avic iu r  r ep re se n te d  by the d is to r t io n  o l the K ol m o g o r o v -  
A in o r d -M (J se r  (K A M ) in v a r ia n t tori, s ig n if ic a n t  in f lu e n c e  is  
e x e r te d  b y  th e  n e ig h b o u r in g  c h a o t ic  s ta t e s  o n  th e  a b o v e  
w a v c fu n c tio r is  and  'c r o ss in g  o v er ' o c c u r s  w h e n  a c h a o t ic  le v e l  
p a s se s  c lo s e  to  a reg u la r  o n e  A d d it io n a lly , p o te n tia l (u n c t io n s  
o f  m an y  ty p e s  g e n e ra te  actu a l w a v e fu n c l io n s  that are lin ea r  
c o m b i n a t i o n s  o l  t w o  o r  m o t e  " p u ic  " w a v e l u n c t i o n s  
(w a v e l i in c t io n s  q u a n tiz in g  at or iieai the sa m e  e n e r g y )  T h is  
m a y  r esu lt  in s i t u a t io n s  o l c r o s s in g  o v e r ' Irom  o n e  p u re  
w a v e fu n c lio n  to  an o th er  T u n n e llin g  m a y  a lso  o c c u r  b e tw e e n  
ton  inter se  (w lie lh e i  a p o ten tia l barrier su b s is ts  or  n o t) in near ly  
in te g ia b le  sy s te m s  that still reta in  a m a jo rity  o l the in varian t to n  
a lth o u g h  d isto r ted  and e m b e d d e d  in a se a  o l fe e b le  r e s o n a n c e  
and c h a o tic  m o tio n  M o d e ll in g  the tu n n e ll in g  p r o c e s s  a s an 
e n se m b le  o f  ran d om  m a tr ic e s , it h as b e e n  sh o w n  m  |3 4 1  that 
there e x is t s  g o o d  a g r e e m e n t b e tw e e n  p r e d ic te d  and o b s e r v e d  
sp litt in g  d is tr ib u tio n s , w h ic h  v in d ic a te s  the m a jo r  r o le  p la y e d  
t)V c h a o s  m the tu n n e llin g  p io e e s s
A n o th e r  re la ted  stu d y  o f  s ig n i f ic a n c e  in v o lv e s  the a n a ly s is  
i)f the im p act o f  a d y n a m ic  e x te r n a l l ic id  on  q u a n tu m  s y s t e m s  
aiul its e f fe c t  on  the rate o f  tr a n s it io n s  a c r o s s  p o te n tia l b arriers  
U sin g  the m o d e l o l  a p a r tic le  trap p ed  in a d o u b le  w e l l  p o te n tia l  
in the p r e se n c e  o l a m o n o c h r o m a tic  e x ter n a l lo r c e  h e ld  and  
a iip ly m g  an ad a p ta tio n  o l the r e n o r m a liz a t io n  g r o u p  te c h n iq u e ,  
a n a ly tic  e x p r e s s io n  fo i the e x te r n a l fie ld  a m p litu d e  req u ired  to  
fa c ilita te  q u an tu m  tu n n e ll in g  has b e e n  d e r iv e d  [351 . It is a lso  
e s ia b h s h e d  that d y n a m ic  h e ld  m d u cetl p er tu r b a tio n s  resu lt m  
the c re a tio n  o f  a t ien se  set o l r e so n a n c e  z o n e s  m the p h a se  
sp a ce  o l c o n se r v a tiv e  s y s te m s  T h e s e  r e s o n a n c e  z o n e s  ten d  to  
le in a in  iso la ted  until the a m p litu d e  o l the p ertu rb ation  e x c e e d s  a 
ccfta in  th resh o ld  le v e l and p a rtic les  in the v ic in ity  o l a r eso n a n c e  
z o n e  ca n n o t m o v e  th ro u g h  the p h a se  sp a c e  to the v ic in ity  o l 
a n o lh e i r e so n a n c e  z o n e  H o w e v e r , o n c e  the a m p litu d e  o f  the  
perturbation  e x c e e d s  a certa in  v a lu e , the K A M  in v a r ia n t to n  ge t  
d isto rted  and q u a n tu m  tu n n e llin g  is fa e ih ta le d  by the o p e n in g  
o l a p a th w a y  b e t w e e n  n e i g h b o u r in g  r e s o n a n c e  z o n e s .  
D estru ctio n  o f  K A M  in v a r ia n ts a lso  m a n ife s ts  i t s e lf  in the p h a se  
sp a ce  a c q u ir in g  a c h a o t ic  lo o k  It, th e r e fo r e , s e e m s  c le a r ly  
e v id en t that the r esu lts  o f  134, 3 5 1 are c o m p le m e n ta r y .
b'uriher w ork  on s im ila r  lin es  has b een  rep orted  in |3 6 | .  H ere  
q u a n tu m  s ig n a lu ie s  o l the K A M  tr a n s it io n  fro m  r e g u la r  to  
c h a o tic  d y n a m ic s  h a v e  b e e n  stu d ied  L lsing  the m e th o d o lo g y  
ol the Q'PM  (Q u a n tu m  theory  o l m o t io n ) , in c o n tra st to  the  
icn o r m a liz a t io n  g ro u p  te c h n iq u e  o l the e a r lier  stu d y , b o th  w a v e  
and p article  p ic tu res  o l d o u b le  w e ll o sc i lla to r  in the p r e se n c e  o f  
an ex tern a l m o n o c h r o m a tic  fie ld  are in v e s t ig a te d  B a se d  on  the  
a b o v e  a n a ly s is ,  it is c o n c lu d e d  in th is  s tu d y  that q u a n tu m  
f lu c tu a t io n s  are e n h a n c e d  by c la s s ic a l  c h a o s  bu t c la s s i c a l  
s t o c h a s t i c i t y  i s ,  h o w e v e r ,  s u p p r e s s e d  b y  th e  q u a n t u m  
n o n c la s s ic a l  e l i c c t s .  A  str o n g  c o h e r e n t  o s c i lla to r y  d i f fu s io n  
b e t w e e n  s ta b le  K A M  tori is  r e p o r te d  a s  a fa l lo u t  o f  th e  
s im u lta n e o u s  o c c u r r e n c e  o l and in te ra c tio n  b e tw e e n  q u a n tu m
tu n n e ll in g  a n d  c la s s ic a l  c h a o s .  Q u a n tu m  p h a se  portraits cxhih 
c a n to r u s  l ik e  is la n d s  e v e n  w ith  p er tu rb a tio n  a m p litu d es at wh, j 
c la s s ic a l  K A M  tori c o m p le t e ly  b r e a k d o w n  th ereb y  vindit. itm 
th e  s u p p r e s s io n  o f  c la s s ic a l  c h a o s  b y  q u a n tu m  e f fe u s  Thi' 
b r e a k d o w n  o f  th e  K A M  tori is  a c c o m p a n ie d  b y  opening ol 
p a th w a y  b e tw e e n  a d ja c e n t  r e s o n a n c e  z o n e s  facilitatin g ih 
p r o c e s s  o f  q u a n tu m  tu n n e ll in g .  A  r o b u st c o h e r e n c e  is repoiic 
to  d e v e lo p  d u e  to  the  in te r p la y  o f  q u a n tu m  c h a o s  and quaniiin 
tu n n e ll in g .
O u r  r e su lts  s e e m  to  len d  c r e d e n c e  to  th e  a b o v e  view.s c\u  
in th e  c a s e  o f  d is s ip a t iv e  s y s t e m s ,  s in c e  a r ise  in the steepnes 
o f  th e  p o te n tia l  fu n c t io n  is c a u s in g  a s ig n if ic a n t  enhancem^n 
o f  c h a o c ily .  In th is  c o n te x t ,  th e  r e la t io n sh ip  b e tw e e n  dissipaiio, 
an d  tu n n e ll in g  h a s  a ls o  b e e n  th e  su b je c t  o f  e x te n s iv e  rcscarti 
[3 7 ,  3 8 1 .C a ld e ir a  a n d  L e g g e t t  [ 3 7 ,  3 8 ]  h a v e , u s in g  a variaiu« 
the in sta n to n  te c h n iq u e ,  e s ta b l is h e d  that q u a n tu m  tuiincllm ' i> 
in v a r ia b ly  su p p r e s s e d  by d is s ip a t io n  an d  that the supprcssim 
fa c to r  c a n  b e  u n iq u e ly  r e la te d  to  th e  d is s ip a t io n  cu<('llicici!i n 
th e  c a s e  o f  a l in e a r  d is s ip a t io n  m e c h a n is m . O ur rcsukis endoh; 
th e  a b o v e  c o n c l u s i o n s  b u t  t h r o u g h  an  e n t ir e ly  y iillcu ii 
m e c h a n is m  w h e r e  the  d is s ip a t io n  is m o d e l le d  by meiins ol ilu 
s y s t c m -r c s e r v o ir  th e o r y  a n d  fu r th e r  d e v e lo p m e n t  ish Iik l^ilI 
the q u a n tu m  v e r s io n  o f  th e  L a n g e v in  e q u a tio n
T h e  p r e s e n c e  o f  n o is e  is s e e n  to  s m o o th e n  out d u o . u 
v a r y in g  d e g r e e s  in o u r  s tu d y . T h is  v i e w  co iro b n ra ics ihi 
f in d in g s  o f  s e v e r a l  e a r l ie r  s t u d ie s  o n  th e  su b ject, ulhoi i 
c la s s ic a l  d y n a m ic a l  s y s t e m s ,  e s p e c ia l ly  th o se  conducted in ihi 
c o n te x t  o f  th e  s o - c a l le d  's to c h a s t ic  r e s o n a n c e ’ |39-4Z | ilu 
p h e n o m e n o n  o l  's to c h a s t ic  r e s o n a n c e ' e s s e n t ia l ly  peisoinlic 
th e  e n h a n c e m e n t  o f  the  r e s p o n s e  o f  a s y s te m  to a weak inpu 
s ig n a l  b y  s u p e r p o s in g  o n  it a n o i s e  s ig n a l  o l appinpn.m 
in te n s ity , su c h  r e s p o n s e  b e in g  g a u g e d  by m e a su r es  as spetui 
p o w e r  a m p l i f ic a t io n ,  s ig n a l  tc) n o i.se  r a tio  (^ r o th er  input nuipii 
c o iT c la lio n  m e a su r e s . T h e  s y s t e m  a ls o  e x h ib it s  adccicasi- iniln 
e n t r o p y  o r  o t h e r  m e a s u r e s  o f  d i s o r d e r  In fact. tlKic 
c o n s id e r a b le  e v id e n c e  that s u p e r p o s it io n  o f  n o ise  on non linL‘:ii 
c la s s ic a l  d y n a m ic a l  s y s t e m s  m a y  r e su lt  in n ew , more orduci 
b e h a v io u r  w ith  m o r e  o r d e r ly  te m p o r a l an d  spatial stiuiiuic' 
an d  an in c r e a se  m th e  d e g r e e  o f  c o h e r e n c e .  T h e  impact ol vvc;i^  
a d d i t i v e  ( L a n g e v i n )  n o i s e  o n  t h e  d y n a m ic s  o l the il 
s u p e r c o n d u c t in g  i n i c r f e r e n c e “d e v i c c  a b o v e  its IioiiiolI 
th r e sh o ld  h a v e  b e e n  in v e s t ig a te d  b y  B u lsa r a  et al using th^  
s ta n d a r d  H a m il t o n ia n  f o r m a l i s m  in [ 4 3 ]  an d  pronounLct 
s m o o t h e n in g  e f f e c t  o n  th e  c h a o t i c  a t tr a c to r s  is rcpoiicd 
H I s e w h e r e  [ 4 4 ] ,  th r o u g h  an  a p p l ic a t io n  o f  tim e-depem k
p e r tu r b a tio n  t e c h n iq u e s  to  th e  F o k k e r  P la n c k  equation 0 ih^
d o u b le -w e l l  p o te n t ia l ,  c o n d i t io n s  fo r  o b s e r v a n c e  o f  siocb.Mii 
r e s o n a n c e  arc  d e r iv e d  a n d  in te r p r e te d .
S to c h a s t ic  r e s o n a n c e  h a s  b e e n  in v e s t ig a te d  and 
in  th e  se v e r a l p h y s ic a l  s y s t e m s  l ik e  th e  S c h m itt  trigger |451.i'' 
r in g  la se r  [4 6 ] ,  p a s s iv e  o p t ic a l  b is ta b le  s y s te m s  [47],
p a r tic le  [4 8 ] ,  tu n n e l d io d e  [ 4 9 ] ,  f e r r o m a g n e t ic ,  lerroelecirK
.mil
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icr magnetic s y s te m s  1 5 0 -5 3 ] , se v e r a l c h e m ic a l sy s te m s  [5 4 -  
1 super c o n d u c tin g  q u a n tu m  in te r fe r e n c e  d e v ic e s  [4 3 ,5 7 ]
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n () l iiUL- SCI ICS and phase .space plots toi Q.  P  (a-b) and p  (c- 
iiln Mmial noise and t) =r I, = |0, /j = 4 [< =0. y = 0 (al*hl. cl 
i, 0 V  ^ uoi Ia2-b2, c2^d2)|. fr = 1, y = 0,01 (a3di3. l.ThM)]
molIuisIk ic s o n a n c c  o f  a B r o w n ia n  p a r tic le  m a d o u b le -  
Ipoicnlial and in d e e d , the  p h e n o m e n o n  in g e n e r a l, m a y  be  
lorsuiod m Terms o f  th e  e x is t e n c e  o f  d if fe r e n t  t im e  s c a le s .
L lirsi im c r e la te s  to  th e  in t c r - w c l l  d y n a m ic s  a n d  th e  
ixiiimiis ol ( lu c tu a tio n s  arou n d  the s ta b le  f ix e d  p o in ts ; the  
iMiil iclaies lo  the m tr a -w e ll d y n a m ic s  and c o r r e sp o n d s  to  
ciuiitoc lim e o f  barrier c r o s s in g s .  I f  th e  h e ig h t o f  the barrier 
icniial IS large c o m p a r e d  to  the  n o i s e  in te n s ity , a  c le a r  
MuiuMi ol the tw o  t im e  .sca les ta k e s  p la c e  and the sy s te m  
I'lmics becom e str o n g ly  d e p e n d e n t  o n  th e  n o is e  le v e l .  In the  
•mul course, under th e  in f lu e n c e  o f  a  sm a ll p e r io d ic  io r c e , 
tnxiiioiis betw een  w e l ls  w o u ld  b e  p r o h ib ite d  in the  a b s e n c e  o f  
H o w e v e r , b e c a u s e  o f  th e  n o n l i n e a r i t y  a n d  th e  
fi''^uinhal e x p o n e n t ia l  d e p e n d e n c e  o f  the  r a tes , a sm a ll  
p^ 'uliiiion ol the barrier h e ig h t  o c c u r s  w ith  the o u tp u t s ig n a l  
a della  p ea k  at its  m o d u la t io n  fr e q u e n c y . P e r io d ic  
’Pimcnis are a lso  p re se n t in th e  o u tp u t at the im r a -w e ll sc a le .  
^Mingly, ihe n o ise  fr e q u e n c y  c o m p e n sa te s  for the m ism a tch  
the d r iv in g  f r e q u e n c y  a n d  c ig e n f r c q u c n c y  an d  a 
periodic c o m p o n e n t  a p p ea r s  in  th e  ou tp u t s ig n a l for  a 
'Veil d e fin ed , n o is e  in te n s ity . F or  su c h  in te n s ity , the  
f c r o s s i n g  tim e  a c r o s s  th e  b arrier m a tc h e s  c lo s e ly  w ith  
•^ ‘^^ ^ulaiion s ig n a l p e r io d . T h is  c a u s e s  a  t im e  m e r g in g  
U) lake p la c e  w h e r e u p o n  e v e n  a sm a ll m o d u la t io n  o f
potential c a u s e s  a r em a r k a b le  a m p lif ic a t io n  o f  the
H signal
6. Limitations of the study
T h e  u se  o f  .sq u eezed  c o h e r e n t s la te s  lo  d e sc r ib e  the m o tio n  o f  
the p a r tic le  resu lts  in the tru n cation  o f  th e  q u an tu m  pha.se sp a ce  
lo  a se m iq u a n ta l p h a se  .space and m a y  be su b je c t  to  s ig n if ic a n t  
errors a fter  a s u f f ic ie n t ly  large  t im e  sc a le . In th is  c o n te x t, it has  
b een  sh o w n  [5 8 ]  that su ch  tru n ca tio n  turns the sy s te m 's  sp a c e  
in to  an a r tific ia lly  b o u n d ed  sp a ce  and thu s the n o n -c o m p a c tn e s s  
is lo st. H e n c e , the a b ility  to  d isp la y  the o p p o s ite  p h e n o m e n a  o f  
c h a o tic  su p p re ss io n  in q u an tu m  m e c h a n ic a l sy s te m s  is lo si as 
w e l l .  H o w e v e r ,  the  sa m e  a s s u m p tio n  h a s b e e n  e f f e c t iv e ly  
e m p lo y e d  lo  stu dy  q u an tu m  c h a o s  w ith o u t n o is e  j5 9 , 601
T h e  sy s te m  reserv o ir  th eo ry  e m p lo y e d  lo  m o d e l d iss ip a tio n  
w ith  the reserv o ir  c o n s is t in g  o f  h a r m o n ic  o sc illa to r s  w ith  a 
c o n tin u o u s  freq u en cy  d istr ib u tio n  and a lin ea r  c o u p lin g  to  the  
sy s te m  through  a c o u p lin g  c o n sta n t that is a .sm ooth fu n ctio n  
o f  the o sc illa to r  fr e q u e n c ie s  w ith  e n e r g y  d is s ip a t io n  b e in g  a 
M a rk o v  p r o c e s s  is  stan d ard  in th e  m o d e l in g  o f  d is s ip a t iv e  
sy s te m s , particu larly th ose  in v o lv in g  e le c tr o m a g n e tic  rad iation s.
O ur c la s s ic a l  a n a ly s is  w h ic h  has b een  d e r iv e d  in the lim il 
/j —  ^0 , IS a lso  ba.scd on the a ssu m p tio n  that for a su ff ic ie n t ly  
narrow  w a v e  packet, the cen tro id  o f  the quantum  stale  w ill fo llo w  
a c la s s ic a l  tra jec to ry  i.c on  the v a lid ity  o f  th e  E h r e n fe s l's  
th eo rem  to ch a ra cter ize  the c la s s ic a l  r e g im e  In v ie w  o f  the  
str a teg ic  im p o rta n ce  of th is  a ssu m p tio n  in ou i a n a ly s is , w e  
e x a m in e  th is a.spccl in d e ta il.
F or the pu rp ose , w e  start by c o n s id e r in g  a c la ss ica l e n se m b le  
r ep resen ted  by a p ro b a b ility  d istr ib u tio n  p ( q . p j )  m p h a se  
sp a ce . T h en  by L io u v ille 's  th eo rem , p { q , p j )  sa t is f ie s
f) p  d „  , d
— p(q.p.t) = -------—-p{ti,p.t)-h(q) —  p{q,p.l) ( ( , , ,
111 f)({ (Jq ^r l t
(S in c e  the p r o c ess  under in v e stig a tio n  in v o lv e s  the lim itin g  ca se  
a s e q u e n c e  o f  s la te s  o f  the q u a n tu m  s ta le  fu n ctio n  
n e e d s  to b e  d e f in e d . I’o fa c ilita te  c o m p a r iso n , w e  m ak e  the  
a ssu m p tio n  that the c la s s ic a l  l im n  o f  the qu an tu m  state is an 
e n se m b le .)
T h e  a v e r a g e s  o f  the  c la s s ic a l  p o s it io n  an d  m o m e n tu m  
fu n c tio n s  are
and
{ ( i)  =  j \ t lP U l . P - f ) ^ p d p
{ p )  =  j j p P ( ‘l^ P P ) d q d p .
{f>2}
(63)
D iffe r e n tia tin g  th ese  e x p r e s s io n s  w ith  resp e c t to  t, u s in g  
(6 l ) and in teg ra tin g  b y  parts, w c  g e t .
dt '  '  m
(64)
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an d
(6 5 )
E x p a n d in g  ( 6 5 )  as a  T a y lo r 's  s e r ie s  e x p a n s io n  in  p o w e r s  o f
Sq = q-  (q) . w c  g e t,
('Z) =  ■^’((^ ))  +  I  ,  /=’((</))+• • •. (66)
w h ere
({Sq)^^^ =  p { q , p j ) d q c l p (67)
m e a su r es  th e  w id th  o l  the c la s s ic a l  p r o b a b ility  d is tr ib u tio n . W e , 
th e r c io re , c o n c lu d e  that th e  c e n tr o id  o f  a c la s s ic a l  e n s e m b le  
need  not fo llo w  a c la s s ic a l trajectory if the w id th  o f  the p ro b a b ility  
d istr ib u tio n  is no t n e g l ig ib le .
A s s u m in g  the p a r t ic le  to  b e  m o v in g  in  a o n e  d im e n s io n a l  
sc a la r  p o te n t ia l  V U ) , U s q u a n tu m  m e c h a n ic a l  H a m ilto n ia n
op era to r  is  H = -E-^^y(q) and  the  e q u a t io n s  o f  m o t io n  are  
2m
and
=  R
dt m
(68)
(69)
A v e r a g in g  in s o m e  q u a n tu m  s la te  y ie ld s
- « ) = ^
a n d
dt
(70)
(71)
(7 2 )
A s  in the c la s s ic a l  c a se , w c  e x p a n d  c q . (6 9 )  a b o u t th e  c e n tr o id  
a s a T a y lo r 's  s c r ie s  e x p a n s io n  in p o w e r s  o f  S q = q - a n d  
th en  a v e r a g e  in s o m e  s ta te , to  g e t
.......
w h e r e  is  a  m e a s u r e  o f  th e  w id th  o f  the probahii,
d is tr ib u tio n  in  c o n f ig u r a t io n  s p a c e .  F r o m  e q . (7 3 ) ,  u  follows (f, 
E h r e n fe s t 's  th e o r e m  h o ld s  a n d  ( ^ )  a n d  ( p )  o b e y  the classi
e q u a t io n s  o n ly  in  th e  l im it  th a t a n d  the h ig her ord
te rm s are n e g l ig ib le  ie. w h e n  th e  s ta te  fu n c t io n  m configurai, 
s p a c e  is  a  w a v e  p a c k e t  w ith  s m a ll  w id th .
H o w e v e r ,  s in c e  i^8q)" ^  n e e d  n o t  in v a r ia b ly  vanish m
c la s s ic a l  lim it , w e  c a n n o t  c o n c lu d e  th at th e  term s beyond / 1 
in  ( 7 3 )  are q u a n tu m  m e c h a n ic a l  in  o r ig in . F u rth em iorc, cqs 
an d  (7 3 )  are id e n tica l in fo r m  s o  that th e  term s in eq .(7 3 ) invoh 
5q c a n n o t  b e  in te r p r e te d  a s  q u a n tu m  c o r r e c t io n s  to dassii 
b e h a v io r . T h e y  m e r e ly  in d ic a te  th at th e  c e n tr o id  o f  ihcquaniui 
p r o b a b ility  d is tr ib u tio n  d o e s  n o t  f o l l o w  a  c la s s ic a l  irajeciorv
T h u s , w e  c o n c lu d e  that th e  v io la t io n  o f  E hrenf^sl's ihcorcn 
e x p r e s s e d  b y  th e  h ig h e r  o r d e r  te r m s  o f  ( 7 3 )  is  not ijicct'ss;irj|y i 
q u a n tu m  m e c h a n ic a l o r ig in  an d  a c la s s ic a l  cn sem b l^  muy hcha\ 
sim ilarly .
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